We study the supersymmetry generators Q, S on the 1-loop vectorless sector of N = 4 super YangMills, by reduction to the plane-wave matrix model. Using a coherent basis in the su (2|2) sector, a comparison with the algebra given by Beisert in nlin/0610017 is presented, and some parameters (up to one-loop) are determined. We make a final comparison of these supercharges with the results that can be obtained from the string action by working in the light-cone-gauge and discretizing the string.
Introduction
The gauge/string duality has been the object of study for more than a decade by means of the AdS/CFT correspondence, [1, 2, 3] between IIB superstrings on AdS 5 ×S 5 and N = 4 U (N c ) super Yang-Mills theory in four dimensions. But while the results calculated from the gauge theory are perturbative in 't Hooft coupling λ = g 2 Y M N c , the calculations on the string side are valid for strong coupling λ. This strong/weak property of the duality limited its study to operators/states in sectors protected by supersymmetry, as these would receive no quantum corrections. But a heuristic comparison of the algebraic structures in the weak/strong coupling limits was possible by taking the plane-wave limit, or BMN limit [4] . On the gauge theory side, the BMN limit is taken by considering single trace operators, i.e. N c very large, with large R-charge of so (6) J ∼ √ N c and conformal dimension ∆ , keeping ∆ − J finite. These operators consist of a chiral primary (trace of a large number of a complex field) with some impurities (other complex fields, bosonic or fermionic). Even though the 't Hooft coupling λ = g 2 Y M N c is very large, one can use perturbation theory provided some effective coupling
is kept fixed and small. On the string side we start from the Green-Schwarz action on the AdS 5 × S 5 [5] , with J ∼ √ N c now being the angular momentum in one of the directions of S 5 . We also take the energy E (generator of time translations in AdS 5 ) to be large, obeying E − J finite, thus originating point-like closed strings with large angular momentum in S 5 . In light-cone gauge, the quantity E − J is just the light-cone hamiltonian, and the light-cone momentum P + = E + J is very large. In this case, there is an effective coupling justλ = 4λ/P 2 + , which is equivalent to λ ′ in the limit J → ∞ (P + /2 → J).This limit allowed a direct comparison of the dilatation operator in SYM (anomalous dimensions of operators in the conformal field theory) to the energies (E − J) of point like semiclassical string oscillations in the plane-wave geometry.
The algebra of symmetries, psu (2, 2|4) is central in AdS 5 /CFT 4 correspondence, as both the gauge theory and its string theory dual have the same underlying supersymmetry algebra. The two dimensional sigmamodel which gives us the perturbative string theory in AdS 5 × S 5 [5] has a manifest global symmetry under PSU (2, 2|4) [6, 7] , which is the same group of internal and space-time symmetries of the N = 4 SYM (see [8] and references therein).
In particular, one can use the algebra to compare the scattering of particles in the duality. For large 't Hooft coupling the scattering is best described by string theory, but for small 't Hooft coupling the spinchain description is more adequate. It was shown by Beisert that the non-pertubative S-matrix is almost completely determined by the centrally extended algebra su (2|2) ⊕ su (2|2) [9, 10] , up to an overall dressing phase (determined by a crossing symmetry restriction [11, 12, 13, 14] ). Each of these centrally extended algebras su (2|2) has the following structure: bosonic (kinematical) generators R 
In the above expressions, J M (where M ∈ {a, α}, a being bosonic indices and α being the fermionic ones), is any element of the Lie algebra. From the elements of the algebra, the dilatation operator (or central charge hamiltonian) has been studied in detail (see [8] and references therein).
Much has been done on the study of sectors of this superconformal algebra on the string side [15, 16, 17, 18, 19] . On the gauge side, Beisert has perturbatively studied and determined the action of the generators of the superalgebra su (2|2) up to two loops, by first restricting to the subalgebra su (2|3) whose fundamental representation consists of three complex scalars and two complex fermions [20] , and finally considering an infinite chain of one of the scalar operators [9] . Using Bethe Ansatz techniques it was later conjectured an all loop result in this sector for the action of the algebra generators [10] .
In this work, we present the SUSY algebra in terms of a matrix model reduction of Yang-Mills Theory in the large N limit. The matrix model has played a very useful role in large N theories. In fact, the 1 2 Bogomol'nyi-Prasad-Sommerfield (BPS) sector of N = 4 SYM is completely described in terms of a complex matrix model [21, 22, 23, 24, 25] , and the 1 4 BPS generalization is also of great interest (work in progress). Presently, the interest is in the detailed construction and comparison of supercharges and their commutation relations both on the Yang-Mills and on the string side. We will demonstrate that the algebra given by Beisert in [10] (at least at one loop) is correctly reproduced from the reduced Matrix model point of view.
In [26] it was seen that the plane-wave matrix theory [4, 27] arises when compactifying N = 4 SYM in R × S 3 followed by a consistent truncation in order to keep only the lowest Kaluza-Klein modes (see also [28, 29] ). These modes have masses proportional to a mass parameter, given by
. This theory was shown (in some sectors) to still be integrable up to four-loops [30, 31] . Study of this model is simpler than the full N = 4 SYM, and can be found in Section 2. In this section we present a detailed study of the supercharges Q and S, following the approach of [26] . In Section 3 we restrict the action of the generators of the algebra to a subsector su (2|2). The results presented in this paper are one-loop, and we compare our results with the non-local generators presented in [10] , evaluating some of the parameters defining these generators.
Some methods have been employed in the gauge theory side that allowed a comparison of the hamiltonian to string theory equivalent algebra generator. Such methods include the use of coherent states, [32, 33, 34] collective field theory and string field theory [35, 36] . In this framework one can compare a discrete (first 1 Note that (Q α a ) † = Q †a α and the same relation holds to the central elements C and C † .
quantized) version of the supercharges on the string side with the oscillator expansion of the charges in SYM, in the BMN limit. In Section 3 we use a coherent state basis to write the supercharges, which are then shown, in Section 4, to have the same structure as the first quantized version of the algebra generators determined from the string action. In Section 5 we present a summary of the results, and some future paths of investigation.
2 N = 4 SYM on R × S 3 : A review
In this first section, we summarize the method of finding the supercharges of su (2, 2|4) up to 1-loop, as can be found in [28, 26] .
2
The action for N = 4 SYM in four dimensions can be obtained from dimensional reduction of the N = 1 10 dimensional SYM on a 6−torus. Using the notation where the D = 10 Dirac matrices split into SO (1, 3) × SO (6), the action becomes:
SUSY transformations and corresponding charges
The SUSY transformations are given by:
We want to build the Noether charge Qη . To do so we need to take into consideration the pairs of canonical variables. From the action, we have the following (anti-)commutation relations:
Also one has to take into consideration that η αA are Killing spinors, which in R × S 3 obey the equation
2R σ µ η, and so will give us two solutions η ± . We will then obtain two charges Q ≡ Q L and Q ≡ Q R , corresponding to η + and η − respectively.
The fermionic Noether charges are thus
For the purposes of this paper, we will simplify the calculations by setting the vector field to zero (we will be looking only at the sector of scalars and spinors). This truncation is consistent with the one-loop calculation we will be performing.
The non-vector sector of the charges Qη is given by:
where Π AB is the momentum conjugate to the bosonic field Φ AB . We now have the an expression for the supercharges. The next step is to evaluate it on R × S 3 : we expand the four-dimensional fields in terms of the spherical harmonics of S 3 , and then perform the integration of the sphere.
Harmonic Expansion on S
3 and the Plane-Wave Limit Each field, defined by its spin, will have a decomposition in spherical harmonics on S 3 . These spherical harmonics can be labeled by the irreducible representations (m L , m R ) of the isometry group SO (4) ≡ SU (2) L ⊗ SU (2) R . As such, we have:
• Spin 0: We have scalar spherical harmonics Y k I (0) , in the irrep (k + 1, k + 1). Their mass will be (k + 1) /R. 4 For comparison purposes, one could also write this charge, in the SU (2) L × SU (2) R formalism, as
• Spin The expansions of the fields in the corresponding harmonics are:
Note that spinor spherical harmonics are 2−dimensional commuting Weyl spinors. The Killing spinor η A (parameter of the superconformal transformations) will have the same expansion as λ A , with coefficients η A,k I ± (t).
Plane-Wave Limit
We want to truncate the infinite tower of Kaluza-Klein modes to the lowest supermultiplet [27, 26] . One can then climb up the various states (with increasing masses) by acting with the two supercharges Q L = 2, 1, 4 and Q R = (1, 2, 4), where the numbers correspond to representations of SU (2) L ⊗SU (2) R ⊗SU (4). Focusing on the zero modes of the Kaluza-Klein tower we find 6 scalar spherical harmonics, constant on S 3 , and 4 lowest spinor spherical harmonics Sα (2) R (the hatted index refers to the degeneracy of the solution), solutions to the the killing spinor equation for a Weyl spinor.
The fields with only these zero modes become:
If we restrict ourselves to half of the supercharges Q L , then together with the bosonic symmetries will generate the subalgebra su (2|4). The restriction to the Q L charges leads us to consider only the zero modes that areSU (2) R singlets. Then we keep all the lowest scalar harmonics, and only two spinor harmonics Sα + α (instead of the 4 if we included Sα − α ). The conjugate momenta π i will have the same expansion as its conjugate field φ i , that is π i (x µ ) = Π i (t). Now we can proceed to the actual integration on the supercharges. Going back to (2), we find that:
The final expression for the supercharges is
In order to obtain the supercharges integrated over S 3 , we used the properties of the spherical harmonics, as well as other properties of the Pauli matrices. These properties can be found in [28, 27, 26] , and include σ µ iσ 2 σ T µ = (σ µ ) T iσ 2 σµ = −2iσ 2 . In the same references one can find the expansion of spin 1 vector fields. We also used an identification between the radius of the sphere R and the Yang-Mills coupling constant g Y M such that 4π 2 R 3 /g 2 Y M → 1. This prefactor shows up when obtaining the action of the plane-wave matrix theory action from N = 4 SYM action, and would also appear in the charges. 6 Note that in our choice of basis the relation S = Q † is not manifest.
3 The su (2|3) subsector and its restriction to the su (2|2)
We'll continue by studying the sector su (2|3), as in [20] . For that we reduce our fields as follows:
By construction we have φ a ≡ φ a , and π a = Π 4a , as well as
The supercharges restricted to this sector can then be written as:
In order to continue, we will need to rewrite the fields in terms of creation/annihilation operators. First identify 1 R = m 6 , i.e. exchange the parameter R by a mass parameter m [26] . Then consider the expansion of the six scalars/momenta X i , Π i :
The bosons X AB are a combination of two real scalar fields such that X a4 = 1 2 (X a + iX a+3 ) , a = 1, 2, 3. If we now define the creation annihilation operators as a a ≡ a a + ia a+3 and b a † = a a † + ia a+3 † , with a = 1, 2, 3, we then have the following expansions for our (complex) fields:
with equivalent expressions for fields φ a and π a . Introducing also fermionic creation operators, the fermions become
We will be interested in action of the charges on the subspace of states that will only have excitations of c † and b † , so we will drop the oscillators a, a † in the bosonic fields. We find:
As expected, these results are similar with the ones in [27] , up to a change of basis for the gamma matrices.
The su (2|2) subsector: vacuum and excitations
The study will focus on states that transform in the su (2|3) sector and are single trace (gauge invariant) operators of the fields (3 bosons and 2 fermions). This spin-chain arises from the large N −limit of the gauge theory. In this sector the action of the algebra generators can be found in [20] . Consider now the vacuum as a long string of Z ≡ φ 3 fields. In oscillator notation, we have Z = b 3 † , and the vacuum state can be written as:
A generalization of this vacuum consists in an infinitely long string of Z fields (the asymptotic regime, J → ∞), as in [9] . The excitations are now the other fields of the su (2|3) algebra, χ ∈ ψ 1 , ψ 2 |φ 1 , φ 2 , which corresponds to the su (2|2) subsector of the algebra. The excitations can move through the chain on Z ′ s with some momentum p. Thus, in momentum space we can write
where n denotes the position of the impurity/excitation χ on the vacuum string. A general state with K impurities can then be written as:
For an asymptotic state ( J → ∞) we consider the dilute gas approximation, where the positions n 1 , · · · , n k of the impurities obey
We should note that on-shell the physical states are cyclic (property of the trace), and so we must have
Now that we defined the sates that the supercharges will be acting on, we can determine their action. The first step will be to check what the charges do to just one excitation on the vacuum. Then one can generalize to multi-excitation states of the su (2|2) subsector of su (2|3). Once we have the action of the charges on a multi-excitation state, we can determine the commutator of two supercharges, as a check of our results.
In this subsector the charges (8) become
where we chose a coherent state basis, such that
For a = 3, we have the identification φ 3 ≡ Z. The factor m 3 will appear as an overall factor in every charge calculated, and will be dropped, as we know that the quadratic terms come from the free theory g Y M = 0.
We now proceed to determine the action of the supercharge Q (and equivalently S) on a single excitation
while if the excitation is fermionic, χ β = ψ β , we have
It can be seen from the expression above that the insertion of a Z field before the excitation changes its phase by e −ip , while the insertion after the excitation leaves that phase untouched. This is a property of the asymptotic state, for which an infinite number of Z fields exist after the (last) excitation. This was seen in [9] as being equivalent to "opening" the trace. In the above expression we also kept only the first order in
From the results shown above, we can easily determine the generalization to a multi-excitation state. First, rewrite the state as
The action of one charge on such state is (zeroth order in
and similarly for the S charge (noticing that the action of S on a bosonic excitation returns an extra factor . When χ k is a fermionic excitation, one gets the expected factor of e −ip k − 1 , which already showed up in the single excitation case, but one also gets an extra factor of K m=k+1 e −ipm . This last factor can also be explained by the insertion of the Z field. In fact in the single excitation case we saw that Z changed the momentum if inserted before the excitation on the chain of fields. But now the field Z gets inserted before all of the excitations χ m with m > k, hence the change of momenta of all these excitations.
The results of the action of Q and S on a multi-excitation state will be summarized next using a non local notation (see also [10] ).
Twisted vs. non-local notations
The supercharges Q and S acting on a general state |χ; J can be written in a non-local notation:
where the coefficients are given by
There is one other notation, introduced by Beisert in [10] , called the twisted notation. In this local notation we have
We notice the presence of the markers Z ± , Y ± . These markers have a simple explanation, up to one loop. The marker Y ± marks the position on the string of fields (the state) where a fermion field was inserted (Y + ) or removed (Y − ). In the twisted notation we are only given the action of the supercharge on the field k of the string. But in order for a supercharge to act on such field it will have to pass by the previous ones. If these are bosonic fields nothing happens, but if they are fermionic, a minus sign will appear (for each fermionic fields it passes). Thus, it is important to know where the supercharge acted, which is done by the marker. The marker is shifted around as follows:
where
The marker Z ± marks a position where an extra Z field was inserted in the string. This changes the length of the vacuum spin chain, reflecting a change in the momenta of the excitation fields. But this change in momenta only affects the excitation fields after the position of the marker. The marker has the property
with p k being the momenta of the excitation χ k , as before. In summary, the twisted notation is a local notation, since it only provides the action of the supercharge on the excitation field χ k , plus a set of markers that allow us to rewrite it in a non-local notation, as found in (12, 13) . We can go from the twisted notation to the non-local one by removing the markers from the first, i.e., shifting them so that they will be at the right (or left) of all the excitation fields.
In the local twisted notation we have
Comparison with Beisert at 1-loop
One can find the all-loop version of these coefficients in [10] , for both the non-local and the twisted notation. In fact we can expand the (non-local) coefficients given in that reference to order O (g), and compare them to our results. These coefficients are:
We used the identifications (16) and (17) into the transcribed coefficients, and also made a rescaling of the parameter γ k → √ gγ k . The expansion in g is hidden in the dependence of x + , x − on the coupling constant:
This last equation, together with (17), allows us to solve for x + (g):
Then by expanding this expression up to order O (g), we obtain exact agreement with (14) , as long as we identify γ k = (−1) F (k) and α = e −iP . Note that the relation between the normalized 't Hooft coupling g and the Yang-Mills coupling constant g Y M is g = gY M 4π √ N c , from the gauge group SU (N c ). The other charges that we are interested in determining are the hamiltonian H and the central charges of the extended algebra P, K. These charges arise from commutation relations between the supercharges, which will be determined next. 7 The coupling constant M 6 =`m 3´3 is related to the Yang-Mills coupling constant g Y M in the following way
This relation comes from matching the prefactor of the reduced SYM action with the prefactor of the matrix model action. In fact we had m = 6 R , where R was the radius of S 3 . Taking the radius small corresponds to m ≫ 1 and consequently g Y M ≪ 1.
Commutation Relations
At this moment we have calculated only the supercharges of the full extended algebra su (2|2), up to O (g). We are interested in having the complete set of charges at this order, which comprises also the rotations generators L, R, the dilatation operator H, and also the central charges of the extended algebra P, K (bosonic generators of momentum and boosts, which have zero eigenvalues when applied to physical states). All of these generators can be obtained to O (g) from the commutation relations of the supercharges.
The central charges of the extended algebra receive no loop corrections , and as such, can be obtained exactly by the anti-commutation relations {Q, Q} ∼ P and {S, S} ∼ K, by knowing the zeroth order of the supercharges. The other generators will be obtained from the last anti-commutator {Q, S} ∝ R + L + H, but while the zeroth order supercharges will be enough to determine rotation generators L and R, the central charge H will only be know correctly up to O (g), as we'll see below.
In the anti-commutator of any two supercharges the only terms that will not vanish are the ones where the two supercharges are applied to the same excitation. The anti-commutator of two Q charges is:
This is just the action of the central charge {Q, Q} ∝ P of the extended algebra on a multi-excitation state. The action of the other central charge of the extended algebra is obtained from {S, S} ∝ K:
We know from [10] that there is an outer automorphism relating H and the central charges of the extended algebra P, K, which corresponds to an sl (2) algebra. Closure of this algebra on the original commutation relations of the supercharges requires that
This relation should only hold when we consider the all loop H, and not only when we consider the first two orders. Using non-local notation, we find that the product P K is given by
and so
2 , which implies
This is the result expected at one loop. The identification of the matrix model mass parameter with the Yang-Mills coupling holds at one loop but some mismatches were seen to appear at higher loop calculations, implying some kind of BMN scaling breakdown, and a substitution of the factor
[31].
We now calculate the anti-commutator of Q and S, which will be proportional to L α β , R a b and the hamiltonian H:
From equations (14) we have that:
Also, we know from the algebra (1) that
For multi-particle states this generalizes to
with a similar result for the charge R a b .
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One can now easily see that
If we compare with the expected results from commutation relations given in (1), the last two terms seem to be extra. But in fact this is the exact result! We (anti-)commuted only the order g 0 and order g 1 of the supercharges. That is, we calculated the nonzero anti-commutators {Q 0 , S 0 } ∝ R+L+H 0 and {Q 1 , S 1 }. This last anti-commutator contributes to order g 2 of the hamiltonian, H 2 , but there will be another contribution to H 2 : the two-loop terms of the supercharges, Q 2 and S 2 , will have nonzero commutation relations with S 0 and Q 0 , respectively, and contribute to O g 2 . So H 2 (the energy central charge of order g 2 ) will be fully determined by:
Only considering all the above anti-commutators we will get the correct result for the H 2 . For calculations see Appendix A, and also [20] .
Supercharges as operators in momentum space
One can show that the central charge takes the much more common form:
To summarize, we found expressions for the supercharges as operators in momentum space, as well as for their commutation relations, in the large J limit. These expressions once applied to states with K impurities will result in the expressions obtained in the previous section.
SUSY generators in AdS
This section will be devoted to determining the action of the supercharges from the string action in AdS 5 × S 5 on a lattice string, followed by a comparison of its structure to supercharges actions obtained in the previous section 3. 3 . We now turn to the action of the supercharges from the AdS 5 × S 5 perspective. We start from the results of [19, 16] . In Appendix B we find a summary of those results, and their restriction to the su (2|2) subsector. The fermionic supercharges Q and S are given by:
Before continuing, let us notice that the coordinate x − (σ) obeys:
where x ′ − = π ws (σ) is the worldsheet momentum density. The total worldsheet momentum is given by p ws = r −r dσπ ws (σ). We now want to perform a mode expansion. To do so we will follow the notation of [17] . For the bosonic fields we have:
where ω = 1 + 1 2λ ∂ 2 σ , andλ is the effective coupling constant (light-cone gauge) in the pp-wave limit λ ≡ 4λ P 2 + , kept finite when P + , λ → ∞. For the fermionic fields we have:
With these expansions, we get the following results:
11 It can be proven by using the property (valid for any power n, proven by induction, and for χ fermionic or bosonic)
We will be keeping Y ≈ B † , dropping the oscillators A, A † . Then up to order O λ ,
The same can be done for the supercharge S, which then becomes:
For a comparison with the Super Yang-Mills supercharges found in 3.3, we need to discretize the above results. To do so recall that r = P + /2, and r −r dσ = P + . Then the lattice version of Q is:
where p (ℓ) = ℓ k=1 π (k). To continue, we need to write what p (ℓ) does to an excitation:
By performing the following change of variables, c †
, the charge becomes:
The other supercharge S α a can also be determined to be:
If we wrote these charges in momentum space, we would obtain the exact structure for the supercharges (22) , as long as we make the correspondence that the conjugate pair x 0 − , P + ↔ Θ ,Ĵ . In the above expressions, x 0 − plays the part of the length changing operator, as it is the conjugate variable to P + , the total light-cone momentum, which is in its turn related to the width of the worldsheet cylinder. For closed strings the total worldsheet momentum p ws has to vanish (on-shell) -level-matching condition. If we relax this condition (off-shell) and take P + → ∞, then we obtain the centrally extended algebra with extra central charges C, C * added to the hamiltonian H (the same as the generators of translations P and boosts K). One other way of checking the results is by writing the supercharges in first quantized framework. Choosing again a state such that:
, with b z being the oscillators equivalent to the field Z. Then
Doing the same calculation for the S generator, one gets:
From this we can again see that the actions of the supercharges Q and S, have a similar structure at one-loop, on both sides of the correspondence. But while the results presented in this section are perturbative inλ (BMN limit), the results presented in the previous section are perturbative in the 't Hooft coupling λ, so one cannot perform a direct comparison.
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A Commuting the su (2|2) supercharges up to two-loops
The expressions found here are restrictions to the su (2|2) subsector of the full sector su (2|3) found in [20] . The supercharges at order g 0 , Q 0 , S 0 , at order g 1 , Q 1 , S 1 and at order g 2 , Q 2 , S 2 in the dilute gas approximation can be written as follows:
We will be using the notation used in [20] . where the two loop contribution for the hamiltonian (dilute gas approx) is:
From the results presented above, we can see that we can only get the complete order g 2 of the hamiltonian from the commutation of the supercharges if we consider their two-loops contributions.
B The Q Supercharges in the su (2|2) sector, on the String Side
As can be seen in [19, 16] , we can write the charges as
where we only kept the term linear in fermion fields, and kept all the bosonic terms of the expansion (B n (x, p) is the term with a product of n bosonic fields). The next step is to determine the Poisson brackets of two charges with α 1 = α 2 = 1. For example (see the appendix of [19] ) We know that p ws = x − (r) − x − (−r). We also impose the boundary condition x − (−r) = x 0 − , which is the zero mode of x − , conjugate to P + . Then: 
Looking at the value of the central charge here and the one obtained from the spin-chain formalism, we can conclude that the results are correct up to an overall phase e ±ipws , as long as we match Q, Q ↔ {S, Q} and C, C † ↔ {K, P }. This overall phase is natural, as different boundary conditions for x − will differ from each other by such a phase. Also the algebra (1) allows a U (1) automorphism, which means we can always multiply all supercharges by some phase that can depend on all central charges.
Some Comments
In the case of P + infinite, the zero mode x 0 − vanishes, but the same is not true for finite light-cone momentum. This brings some problems, as for P + (which is effectively the length of the string) finite, the transverse fields don't have to vanish at the string points, and the symmetry algebra is thus changed.
At the quantum level, both p ws and x 0 − are promoted to operators P, X 0 − , and the central charges are
and its conjugate C † . X 0 − is the conjugate quantum operator of P + . If we consider a state P + |p + = p + |p + , then a state e 
Because P + acts as the length of the string, the operator e iαX 0 − will be the length changing operator. The Hilbert space of the theory will be a direct sum, H = p+ H p+ , of spaces of each of the eigenvalues of P + .
